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Since an external field produces a drift of the mobile ~-electrons in the plane of a conjugated 
molecule the electric polarizability of these molecules is anisotropie. The S.C.F. perturbation 
theory is used to calculate the x-electron contribution to the polarizability tensor for a number 
of conjugated molecules. Using previous theoretical and semi-empirical values for the polariza- 
bilities of C - C and g - H bonds the ~ contribution is estimated and total polarizabilities 
for the molecules obtained as the sum of the ~ and g contributions. There is reasonable agree- 
ment between these theoretical values and the available experimental ones. 

Ein EuBeres elektrisches Feld verschiebt die ~-Elektronen in der Molekfilebene, so dab die 
elektrische Polarisierbarkeit yon Molekiilen mit konjugierten Bindungen anisotrop ist. Mittels 
SCF-StSrungsrechnung wurde der Beitrag der z-Elektronen zum Tensor der Polarisierbarkeit 
fiir eine Anzahl yon Molekfilen berechnet und der Beitrag des g-Bindungsgcrfistes aus semi- 
empirischen GrSBen ermittelt. Die ~bereinstimmung mit gemessenen Werten ist zufrieden- 
stellend. 

La polarisabilit6 61ectrique des mol6cules conjugu6es est anisotrope car un champ ext6rieur 
provoque un d6placement des 61ectrons ~ mobiles duns le plan mol6eulaire. La th6orie des 
perturbations SCF est utilis6e pour le caleul de la contribution des 6Ieetrons ~ au tenseur de 
polarisabilit6 d'un certain hombre de mol6eules conjugu6es. En utilisant des valeurs th6oriques 
et semi-empiriques ant6rieures concernant les polarisabilit6s des liaisons C - C et C - H on 
pent 6valuer la contribution des 61ectrons a. Les polarisabilit6s totales sont obtenues comme 
la somme des contributions a e t  ~. L'accord avec les donn6es exp6rimentales disponibles est 
raisonnable. 

1. Introduction 
W h e n  an  electric field acts on a molecule the change in  energy to first order is 

the product  of the field and  the molecular dipole moment .  There is also a second 
order effect due to the  dipole m o m e n t  induced b y  the  field itselfi This effect is 
quadra t ic  in  the components  of the field and  the coefficients, which are the electric 
polarizabilities, t ransform as a second order tensor. 

Sa tura ted  molecules can be considered as systems of localized bonds and  the 
polarizabilities of these molecules can be obta ined as tensor sums of the polariza- 
bilities of the various CC and  CH bonds in  the molecule. I n  a conjugated molecule, 
however, only the  a electrons will occupy localized bonds and  so only the a-contri-  
bu t ion  to the  polarizabil i ty can be obta ined  in  this  way. The 7~ electron contr ibu-  
t ion  has to be calculated using pe r tu rba t ion  theory  and, since the ~ electrons are 
delocahzed and  are moved  freely by  the field, this cont r ibu t ion  can be a t  least as 
large as t ha t  due to the a electrons. Moreover the z electron cont r ibu t ion  is highly 
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anisotropic and, in fact, vanishes when the field is perpendicular to the molecular 
plane. Thus in order to calculate the polarizability anisotropy, which is related to 
the molar Kerr  constant and the depolarization factor of scattered light, i t  is clear 
tha t  i t  is important  to compute the ~ contribution accurately. 

The purpose of this note is to use the self-consistent perturbation theory 
described in paper  I of this series to calculate the z electron contribution to the 
electric polarizabflities of a number  of conjugated hydrocarbons. These SCF polari- 
zabifities are compared with those obtained in previous calculations using Hiickel 
theory and they  turn  out to be smaller than  the Hiickel ones. A recent preprint  by  
DIZ~CKS~N and McWnE~rr [10] also includes values of the SCF polarizability 
components but  for fewer molecules than  we consider here. 

The a par t  of the polarizabilities can be estimated using theoretical and 
empirical estimates for the polarizabilitics of the CH and CC bonds and in this 
way the total  polarizabilities can be obtained as the sum of the a and ~ contribu- 
tions. Unfortunately there are widely differing estimates for the polarizabilities of 
the C-H bonds but  by  comparing the final results with experiment it is possible to 
obtain some indication as to which of the various values are the most  satisfactory. 

2. Perturbation due to an Electric Field 

In  the presence of a constant externM electric field the potential  of a molecule 
changes by  

e X ~  z~ (~) 

where X is the field strength and xl the coordinate of the i th electron measured 
from some arbi t rary  origin in the direction of the field. The a electrons can be 
considered separately from the 7~ electrons since, even when the electric field is 
taken into account, a -  ~ interaction will probably be small. Considering only 

orbitals, therefore, the matr ix  element of the perturbation becomes 

zrs = eX  f ~orxo~8 d~ ( 2 )  

in the notat ion of paper  I [1]. Since the atomic orbitals (a)r) are localized, zrs 
vanishes unless r = s when the integral reduces to the x-coordinate of the a tom r. 

With these values of the Zrs the first order changes, P~s, in the bond order 
matr ix  can be computed using the method described in paper I. The c~xx com- 
ponent of the polarizability tensor will then be twice the second order energy 
change due to this perturbation when X = I and will be given by  

~ z  = - e Y~ ~ _p" ( 3 )  

= P ;  
r 

where xr is the x coordinate of a tom r. Note tha t  ~xx is independent of the choice 
of origin of coordinates because X P~r is identically zero. 

T 

Since the first order effects of several perturbations acting simultaneously are 
additive it follows from paper  I tha t  P~r can be written in terms of the a tom-a tom 
polarizabilities, 7~rs, obtained in tha t  paper. We have tha t  
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so tha t  (3) becomes 

O~xx = - -  e 2 ~-, x r  x s  Ttrs . (5) 

This is an equation identical in form to tha t  obtained by  COHEN, COULSO~ and 
JAMIESON [7]. The only difference is tha t  in (5) the g r s  are the self-consistent 
a tom-atom polarizabihties whereas in their equation the I-Iiickel ones were 
used. 

There are, therefore, two methods of calculating ~xz- The first of these is 
based on Eq. (5) and requires the ~ r s  t o  be known. The second method is based 
on Eq. (3) and involves finding the P~t directly using the numerical method 
described in paper I. 

Table 1. ~ contr ibut ion  to electric po lar i zabi l i t y  componen t s  (cm a. 10 -25) 

Molecule Hiickel Theory Self-consistent Theory 

Benzene 59.0 59.0 6i.6 61.6 
Naphthalene t 66 114 t 52 100 
Anthracene 298 202 272 149 
Phenanthrene 276 168 243 144 
Azulene 245 t29 198 ~10 
Butadiene 129 16.5 92.7 16,3 
Hexatriene 380 26A 208 25,7 

aL and a s  are the components along the long and short axes in the molecular plane. Note 
that for the two polyenes these axes do not coincide with the principal axes of the polarizability 
tensor. 

The results of using the latter method to compute the ~ contribution to the 
components of the polarizability tensor along the long and short axes in the 
molecular plane for a number of conjugated molecules are given in Tab. I. For 
comparison the polarizabilities obtained using Hfickel-theory are also included. 
The parameters  used in the calculation were those discussed in paper I with the 
unit of energy taken to be fl = -4 .78  eV. With Xr in units of ~ the units of ~Xxx 

in (3) and (5) are/~2 e~ [ fl I-1 and these were converted to the more usual cm a l0 -25 
for the results given in Tab, I. 

The Hfickel values in Tab. i are slightly different from those obtained in 
previous calculations [2, 7, 8,  11] .  This is due to the different parameters used, 
especially the different values for ft. 

The results in Tab. I show the relatively large values of the polarizabilities 
and their dependance on the size of the molecule. Generally the self-consistent 
values are smaller than  the Hfickel ones. The results for butadiene and hexatriene 
indicate tha t  the rapid increase in the polarizability component along the long 
axis of the polyenes as predicted by  DAwv~s [8] using simple molecular orbital 
theory and BOLTON [2] USing free electron theory becomes rather  less pronounced 
when self-consistent perturbation theory is used. 
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3. (r-Contribution 

I n  order  to  f ind the  t o t a l  electr ic  polar izabi l i t ies  of  the  con juga ted  molecules  
considered here we need to  know the  a -cont r ibut ion .  This  can be deduced  f rom 
the  po la r i zab i l i t y  components  of  the  C-C and  C-1K bonds  and  these can be  esti-  
m a t e d  empir ical ly .  The wide range  of  values  thus  ob ta ined  testifies to  the  diff icul ty  
invo lved  in  m a k i n g  such es t imates .  F o r  an  account  of  some of  these  values  which 
have  been used and  the i r  re l i ab i l i ty  see references [20] and  [25]. 

V I c x ~  and  D~.~c~IG~ [23] have  ob ta ined  for the  m e a n  polar izabi l i t ies  of  the  
C-C and  C - H  bonds  the  values  

r 10-25 aAv = 5 . i4  • cm 3 , 
c~ 10_25 aAv = 6.64 x em 3 �9 

Since t h e y  are  de r ived  f rom the  re f rac t ion  indices of  a large number  of  a lkanes  we 
accept  these  values  as r easonab ly  correct.  

The au i so t ropy  of  the  po la r i zab i l i t y  of  the  C - H  b o n d  is, in  principle,  deducible  
f rom the  R a m a n  in tens i t ies  of  me thane  and  a value  of  3.12 • 10 -25 em 3 was 
ob t a ined  in  th is  w a y  b y  u and  B~NSTV, IN [25]. However ,  only  the  magni -  
t ude  of  al~ H - acj_ H can be found  b y  this  m e t h o d  and  so, when the  va lue  of  the  
an i so t ropy  is used wi th  the  va lue  of  aAvCH to  f ind the  components ,  the re  are two 
possible  solut ions : 

aCH = i0-25 ~H 8.72 X em 3 (A) 
a •  = 5.60 • i0  -25 cm 3 

al~ H = 4.56 • i 0  -~5 cm 3 (B) 
ac• H = 7.68 • 10 -25 cm 3 . 

The  first  of  these  has  all > a •  in  agreement  wi th  mos t  of  the  previous  es t imates  
[9, 18, 24]. However ,  a recen t  eva lua t ion  of  the  expe r imen ta l  d a t a  on polar izabi l i -  
t ies  and  magne t i c  suscept ibi l i t ies  has  led Z i ~ C H ~  [25] to conclude t h a t  all < a •  
and,  indeed,  he has  deduced  values  in  agreement  wi th  the  set  we have  deno ted  
as B. 

Empi r i ca l  e s t ima tes  of  al~c and  aC_ c are ve ry  var iab le  (compare,  for example  [5] 
and  [18]). We,  therefore,  prefer  to  use the  values  ca lcu la ted  b y  BOLTON [3] par t ic -  
u l a r ly  since his c o m p u t e d  values  for C = C and  C = C agree well wi th  t he  empir ica l  
e s t ima tes  and  these  are  l ike ly  to  be qui te  reliable.  BenToN finds a~ c = 7.0 • t 0  -25 
cm s and  aC_ c = 3.8 • 10 -25 cm a b u t  these  give an  average ~).vC~ r a the r  smal ler  t h a n  
t h a t  of  VICKERY and  D~NBm~. To correct  for th is  we have  increased  a~ ~ s l ight ly  
and  we shall  use 

a ce = 7.8 • i0  -25 em a , 

a c  H = 3.8 • l 0  -~5 cm a �9 

I n  add i t i on  to  the  polar izabi l i t ies  of  the  C-C and  C - H  bonds  some al lowance 
should  be m a d e  for the  po la r i zab i l i t y  of  the  2 Pz carbon  orb i ta l s  occupied b y  the  

electrons.  However ,  since th is  is, in  fact ,  a t y p e  of  a --  a i n t e rac t ion  effect and  
there  seems to be no obvious w a y  to  e s t ima te  i t  we shall  neglect  i t .  I t  should,  in  
a n y  event ,  be qui te  small .  
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Wi th  the values we have quoted for ~cc and ~cc• and the two sets of  values 
for cr H, cr we calculate two sets of  results for the ~ contr ibut ion to  the polariza- 
bili ty components  of the molecules considered in the previous section. The a-con- 
t r ibut ion is added to  the ~r contr ibution in Tab. i to  give the total  polarizabilities. 
The final results for the tota l  polarizabilities are in Tab. 2. 

Table 2. Electric polarizability components (cm a. 10 -25) 

Molecule Computed using A values Computed using B values 

Benzene 139 139 56.4 t33 133 68.9 
Naphthalene 272 222 86.6 270 208 103 
Anthracene 434 316 t 17 436 293 t 38 
Phenanthrene 406 310 t17 402 293 138 
Azulene 318 232 86.6 316 218 103 
Butadiene 151 78.3 45.0 ~55 62.7 57.5 
Hexatriene 292 1t5 63.8 299 90.9 80.4 

aL and ccz are the components along the long and short axes in the molecular plane and al_ 
is the component perpendicular to ~his plane. 

4. Comparison with Experiment 
I n  principle i t  is possible to  deduce the values of the individual components  

of  the polarizability tensor f rom experimental  values of  the molar  refractivity,  
the molar  Kerr  constant  and the depolarization factor  of  scat tered light. For  a 
discussion see, for example, ref. [~3] and [i4]. 

Benzene is one case where this has been done and the results are given in Tab. 3. 
The discrepancies between the values point  to difficulties of  obtaining accurate 
and consistent experimental  data.  The major  disagreement, however, is between 

Table 3. Experimental values/or the polarizability components (cm a �9 t0 -35) 

Molecule ~1 a2 a a Ref. 

Benzene 117 117 78 B~IEGLEB [4] 
128 128 64.7 PA~Tr~ASA~ATEY [16] 
t23 123 63.5 STg~T and VOLK~A~ [21] 
I l l  111 73.7 LE Fi~VRE and LE F]~VRE [13] 

Naphthalene 2t5 t76 103 LE F~v~s and L~ F~v~E [14] 
268 141 115 KRIS~AZr [12] 

the values of  BgtxoLE~ [4] and the LE F~V~ES [13, 14] on one hand  and those of  
PARTItASARATHu [16] and of  STUART and VOL K~A~ [21] on the other. This is due 
to different values for the anisotropy of  the polarizability tensor and we shall 
discuss this point  later. For  nonpolar  molecules the experimental  quantit ies we 
have mentiofied will only give the ratio between the principal polarizabili ty 
components  and to determine their absolute values fur ther  experimental  results 
are needed. I n  naphthalene,  for example, KRISl~NA~ [12] has used measurements  
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of the Cotton-Mouton effect and has made calculations of the principal suscepti- 
bilities of the naphthalene crystal to obtain the results shown in Tab. 3. Lv. F~VRE 
and L]~ F ~ v ~  [14], on the other hand, have, for the same molecule, used experi- 
mental information on the crystalline state together with a calculation of the 
effect of dipole induction to find the values given in Tab. 3. Clearly both the 
results for naphthalene should be regarded as rather tentative. In  addition to 
benzene and naphthalene, L~ F]~v~E and SUND~AM [15] have estimated the 
polarizability components for anthracene and phenanthrene but since their values 
for ~ f  are computed by assuming it varies linearly with the number of C-C bonds 
we do not consider that  their results can properly be described as experimentM. 

Table 4. Average polarizabilities (cm 3. t0 -~5) 

Molecule Calculated Experiment [ 1 9 ]  Experiment [15] 

Absolute Relative Absolute Relative Absolute Relative 

Benzene i l l  (l.00) 103 (t.00) 99.2 
Naphthalene i94 t.74 i75 t.69 t66 
Anthracene 289 2.60 259 2.51 253 
Phenanthrene 278 2.50 247 2.39 235 
Azulene 212 1.90 - -  - -  - -  
Butadiene 91.5 0.82 - -  - -  - -  
Hexatriene 157 1.41 - -  - -  - -  

(l.oo) 
t.67 
2.55 
2.36 

We, therefore, have only the values given in Tab. 3 to compare with our 
calculated values in Tab. 2. In  view of the experimental uncertainties we can be 
reasonably satisfied that  the overall pattern of both the theoretical and experi. 
mental results is the same. For benzene, where the experimental values are the 
most satisfactory, the agreement is as good as can be expected. The best agreement 
is between the theoretical values computed using the estimates B for the CH bond 
and the experimental values of PA~THASAl~iT~u [16] and of STU~_RT and VOLK- 
~AN~ [21]. 

The most accurate experimental results are available for the molar refractivity 
which is related to the average polarizability ~ = �89 (~1 + ~ + a3). Calculated 
and experimental values K are given in Tab. 4. In  this table both the absolute 
quantities ~ and the values relative to benzene are given. The calculated absolute 
values are about i0% higher than the experimental ones. This could be because 
the ~ contribution is i0% too large or because the VIC~RY and DEN~IOH [19] 
values of - cc an . CH ~Av d ~Av are too large. In  this context it is interesting that  Bolton's 
calculations on the polarizabilities of the CC bond lead to a value of ~cc v smaller 
than that  of VICKERY and DENBIOH by about 7%. I f  the cr were similarly 
reduced the calculated values of ~ would be only about 5% higher than the 
experimental ones. 2, comparison of the relative values of ~ in Tab. 4 shows the 
theory and experiment to be in excellent agreement. 

The molar Kerr constant and the depolarization factor of scattered light are 
related to the anisotropy, a, of the polarizability tensor which is defined by:  

a = (0r  1 - -  ~ 2 )  2 - ~  (0r 2 - -  ~%3) 2 -{- (0r 3 - -  0C1) 2 �9 
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We have calculated a for the molecules considered in this paper and the results 
are shown in Tab. 5. 

Experimental values of a can be obtained by combining results from the de- 
polarization factor of scattered light and K. For benzene one then obtains a ~ 68 ]k 6 
(c.f. [13]) in fair agreement with our value for calculation B. STUAXT and VOLK- 
~ANN [12] in a similar way have found an experimental value of a = 71 A 6 in 
slightly better agreement with our calculation. For naphthaIene, the experimental 
evidence on the depolarization factor points to a ~-~ 370 - 460 A s [6, 17] which 
again agrees quite well with our calculations. The most recent work in this context 
by UNA~u~ and BOTHO~EL [22] leads to a value of 72 A 6 for benzene and 390/~  
for naphthalene and again the agreement with the calculated values is satisfactory. 

Table 5. Anisotropy o] the polarizability tensor (era 6. t0 -4~) 

Molecule Computed with values A Computed with values B 

Benzene 1.36 0.82 
Naphthalene 5.52 4.27 
Anthracene 15.40 13.32 
Phenanthr ene 13.00 10.56 
Azulene 8.21 6.82 
Butadiene a t.76 1.80 
~exatriene~ 8.60 9.12 

Computed on the basis that the molecular long and shor~ axes coincide with the principal 
axes of the polarizability tensor. 

Experimental values of a can also be deduced from data on Kerr constants. 
Strictly speaking the Kerr constants should be for gases but the Kerr constants 
of solutes extrapolated to infinite dilution have been used by LE F~V~E and his 
co-workers [13, 14, 15] to find values for a. The values thus obtained for the first 
four molecules in Tab. 5 are 29, ~92, 732, 314/~6. These clearly disagree with both 
the calculated values and the experimental values obtained from the depolariza- 
tion factor. I t  may be necessary, therefore, to reconsider the use of Kerr constants 
of solutes to find values for the auisotropy a. 

To sum up, it seems that  our computed values for the components of the 
polarizability tensor and associated quantities agree quite well with the experi- 
mental results currently available. I t  is, however, a great pity that  there are so 
few of these and that  they are not very reliable. A final point we should like to 
make concerns the values for the polarizability components of the Ctt bond. We 
have generally found better agreement between theory and experiment when the 
set of values marked B were used in the calculations. There is, therefore, some 
slight indication from the results presented in this paper in favour of ZORCH~'S [23] 
conclusion that  ~ is smaller than cr E. 

References 
[1] AMos, A. T., and G. G. HALL: Theoret. Chim. Aeta 5, 148 (1966). 
[2] BOLTON, H. C. : Trans. Faraday Soe. 59, t265 (1954). 
[3] - -  Trans. Faraday Soe. 60, 1261 (1954). 
[4] BRIEGLEB, G. : Z. physikal. Chem. 14, B 97 (1931). 



~66 A.T. A~os and G. G. H~LL: Self-consistent Perturbation Theory. II  

[5] BvN~, C. W., and R. D~ P. DAUBENY: Trans. Faraday Soc. 50, tt73 (1954). 
[6] CABA~NES, J. : Compt. rend. 182, 885 (1926). 
[7] CO~E~, N. V., C. A. CovLso~, and J. B. JAMIESO~: Trans. Faraday Soe. 53, 582 (1957). 
[8] DAvI~s, P. L.: Trans. Faraday Soe. 48, 789 (1952). 
[9] D]~NBIo~, K. G. : Trans. Faraday Soc. 86, 936 (t940). 

[10] DIE~CKSEN, G., and R. McWEE~Y: Special Technical l~eport STR 2, University of Keele 
(1965). 

[11] HOIJTI~K, G. J. : Rec. de Tray. Chim. de Pays Bas 76, 869 (t957). 
[12] K~IS~A~, K. S.: Indian J. Phys. 8, 431 (1938). 
[13] LE F ~ v ~ ,  C. G., and R. J. W. Ln F]~v~: J. chem. Soc. 1958, 4041. 1954, 1577. 
[1~] - -  - -  J. chem. Soc. 1955, i64t. 
[15J Ln F~v~E, R. J. W., and K. M. S. SV~)~AM: J. chem. Soe. 1963, 4442. 
[16] PARTHASAiKAT~Y, S. : Indian J. Phys. 8, 275 (1933). 
[17] RAM~ISn~A, RAO I. : Indian J. Phys. 2, 84 (1927). 
[18] SAc~ssn, G.: Z. Physik 36, 357 (t935). 
[19] Sc~uYn~, J., L. BLo~, and D. W. vA~ KlCEVELEI~: Trans. Faraday Soc. 49, 1391 (~953). 
[20] S~IT~, R. P., and E. M. Mo~n~sn~:  J. chem. Physics 32, 502, 508 (1960). 
[21] STv~% H. A., and H. V O L K ~ :  Z. Physik 18, 121 (1933). 
[22] U ~ v ~ ,  A., and P. BOT~OREL: Bull. Soc. Chim. ~ranee p. 573 (t964), 
[23] VICK~.~u B. C., and K. G. D ~ I O ~ :  Trans. Faraday Soc. 45, 61 (1949). 
[24] WANG, S. N. : J. chem. Physics 7, 1012 (1939). 
[25] Yos~I~O, T., ~nd H. J. BE~S~EI~: J. Mol. Speet. 2, 241 (1958). 
[26] Zi2~c~n~, R. F. : J. chem. Physics 37, 2421 (1962). 

Professor G]~o~Gn G. HAL5 
Department of Mathematics 
The University Nottingham 
Nottingham, Great Britain 


